Modelling the low-n, low frequency Resonant Field Amplification (RFA) effects for JET plasmas, using the MHD code MARS-F, offers explanations to one of the recent observations made in experiments, namely a mismatch between the measured RFA threshold and the predicted no-wall beta limit according to ideal MHD calculations. The mismatch is minimised by applying a new way of determining the RFA threshold, based on evaluating the logarithmic derivative of the RFA amplitude as a function of the normalised plasma pressure. This improved method is shown, at least in theory, to be robust in predicting the no-wall beta limit for JET plasmas.
INTRODUCTION
The effects of error fields on the stability and confinement of tokamak plasmas have been known for a long time. Passive or active error field correction, using magnetic coils, has been proved an efficient way to improve the plasma performance in many present tokamaks. It is also foreseen as an important design aspect in ITER [1] .
It was, however, only recently realised that the plasma response can play a crucial role in amplifying the external, static magnetic fields, due to the existence of meta-stable, low-n, low frequency MHD modes in the plasma [2] . One example is the resonant field amplification (RFA)
caused by the Resistive Wall Mode (RWM), marginally stabilised by the plasma rotation or kinetic effects. For a linear plasma response, the RFA is defined as the field contribution from the plasma, measured at a certain radius and normalised by the corresponding resonant vacuum (error) field in the absence of the plasma. Theplasma RFA response generally involves an amplitude amplification and a toroidal phase shift with respect to the vacuum field. Normally a significant RFA due to the RWM occurs in high pressure plasmas. Taking into account the field amplification factor will effectively reduce the error field threshold predicted for ITER high performance scenarios. Another, no less important consequence of RFA is the enhanced detrimental effect on the plasma momentum confinement. For instance, the plasma toroidal rotation in a tokamak can be reduced by a torque from the Neoclassical Toroidal Viscous (NTV) force [3] , which depends quadratically on the amplitude of the non-axisymmetric field perturbations inside the plasma. The RFA can contribute a substantial portion to these field perturbations. Experimental evidence of strong NTV braking has been recently reported [4] . This is in contrast with the conventional understanding of rotational damping via resistive layer response [5] . Because of the substantial role of the plasma rotation played in both stability and confinement of tokamaks including ITER, a good understanding of RFA and RFA-induced momentum damping is essential.
Extensive RFA measurements have recently been performed in experiments. It is established in both DIII-D [6, 7, 8, 9, 10] and JET [11, 12, 13, 14] experiments that the field amplification due to the RWM is monotonically enhanced with increasing the plasma pressure beyond the no-wall beta limit. A significant effort of cross-machine comparison has also been carried out [15] . Further, the ac field induced RFA has been proposed as a MHD spectroscopy tool, for measuring the damping rate and real frequency of the RWM [9, 10] . We also mention that RFA has been accurately measured and modelled in reversed field pinch experiments [16] .
Theory and modelling work for understanding the resonant field amplification phenomenon have been on-going during recent years [17, 18, 19, 20, 13, 21] . An important result is that the ideal MHD theory (with Alfvén or sound wave continuum damping) for the RWM [12, 19] cannot explain the qualitative behaviour of RFA versus the plasma pressure, observed in experiments. Additional damping beyond the ideal MHD description is required to explain the experiments. Quantitative agreement is achieved between theory and experiments by considering a strong parallel sound wave damping model, or a more physics based, semi-kinetic damping model [13] .
In this work, the RFA is defined, in both modelling and experiments, in the following way.
Applying a coil current in the form of a standing wave (with an excitation frequency ω ext )
I coil (t) = I 0 sin ω ext t, a set of detection coils measures the radial magnetic flux with and without the plasma, respectively.
The n = 1 toroidal Fourier component of the flux are identified at two toroidal locations, separated by 90 o toroidally. For the radial flux measured at the same toroidal location as the field-generating coils (antenna coils), we denote the wall response (i.e. in the absence of the plasma) by
where ϕ vac,a is the temporal phase delay caused by the image currents in the wall. The total flux with the plasma (and the wall) response is defined in a similar manner
When we measure the flux at a 90 o -shifted toroidal angle with respect to the antenna coils, an axisymmetric wall alone gives a vanishing contribution. The plasma response, however, does yield a finite contribution, due to the toroidal plasma rotation and/or damping effects on the stable mode (the resistive wall mode in this study) that is present in the plasma. This response, causing a spatial phase shift with respect to the coil current, is denoted by We note that all quantities are real numbers in the above equations. A general experimental definition of RFA is given in [9, 10] . A simpler definition is used in JET experiments with external coils, since in this case ψ 0 vac,a ~ ψ 0 tor,r due to two facts: (i) as will be shown in the next Section, the sensor coils are well aligned with the antenna coils along the poloidal angle, and radially very close to the JET vacuum vessel, detecting dominantly the field contributions generated by the wall and the antenna coil currents; (ii) at low plasma pressures, the plasma response field is weak compared with the direct vacuum field from the coils. Therefore, a practical definition of the RFA amplitude, from the JET experimental point of view, is This is the definition followed both in the experiments and in the present modelling.
This work will not focus on studying the RFA beyond the no-wall beta limit. Instead, we investigate the plasma response, observed in JET discharges, that occur before the plasma pressure reaches the no-wall limit. The motivation is given by Fig.1 . This figure shows the growth rates (solid lines) of the n = 1 ideal kink mode, computed for three different JET plasmas. The marginal stability corresponds to the no-wall beta limit, in terms of the normalised beta β N ≡ β(%)a(m)B 0 (T)/I p (MA).
The MARS-F code [22] is used for these calculations. Very similar limits are predicted [23] by the MHD code MISHKA-1 [24] . Three vertical (dash-dotted) lines indicate the measured n = 1 RFA threshold from experiments. The RFA threshold is defined as the β N value giving the minimum of the curve |RFA|/β N as a function of β N . (Details are shown in Fig.3 .) We observe a systematic, large downward shift of the RFA-measured thresholds compared to the beta limits according to the ideal MHD theory. This shift cannot be explained by the plasma toroidal rotation in JET, which is a few percent of the Alfv´en speed in these discharges. This rotation speed does not have a significant effect on the stability of the ideal kink mode. It does, however, affect strongly the stability of the RWM, which is completely stabilised by rotation in these experiments. Our purpose here is to establish the correlation between the stability limit of the kink mode, and the RFA threshold, which is expected to be due to the response of the stable RWM. Figure 2 shows the geometrical configuration of the RFA simulations with MARS-F. An axisymmetric, complete, thin shell is used to approximate the conducting wall (vacuum vessel) in JET, with the realistic (non-conformal) wall shape. We point out that in the JET machine there are also conducting structures located between the plasma surface and the vacuum vessel, as well as between the vacuum vessel and the external antenna coils. These structures are not distributed axisymmetrically along the toroidal angle, and can have a non-negligible influence on the measured RFA response under ac conditions [25] .
MODELLING RESULTS
The radial and poloidal location of the Error Field Correction Coils (EFCCs) and the sensor coils (close to the wall) are indicated by squares in Fig.2 . These coils are modelled by saddle loops located at the same radial and poloidal position, but of a sufficiently large number along the toroidal angle φ, such that the exp(inφ) field pattern is produced by these coils. This is normally not a strong assumption, since e.g. 6 saddle coils can generate very well a dominant n = 1 field. We note that
JET has only 4 error field correction coils along the toroidal angle, which makes our assumption marginally applicable. The most significant consequence, in comparing the experimental data with the simulation results, is the necessity of mapping out the equivalent n = 1 contribution from the experimental total coil current.
The sensor coils detect the radial flux. In the JET experiments, the integrated coil signals at a toroidal angle, 90 degrees shifted with respect to the EFCC currents, is used as the RFA response from the mode.
Normally in order to model a β N scan, we scale the amplitude of the plasma pressure while keeping the pressure and current profiles fixed. The total plasma current is also fixed. Figure 3 shows the computed RFA for equilibria reconstructed from three JET pulses as in Fig The difference in β N is about 1 but varies with equilibria. This circumstancemakes it difficult to use the RFA measurement to predict the 'true' stability limit for the ideal kink. Hence we seek for a new definition of the RFA threshold, that can better match the no-wall beta limit.
One of the possibilities, that we have found numerically, is described by Fig.4 . Using the same computed RFA data as shown in Fig.3 , we compute the logarithmic derivative of the RFA magnitude versus β N . It turns out that the logarithmic derivative reaches its peak at a β N very close to the corresponding no-wall limit. We notice that there are also local extrema shown in Fig. 4 . This is because the logarithmic derivative is sensitive to the accuracy of the computed or measured RFA amplitude. These smaller local extrema are essentially noise due to the fact that a cubic smoothing spline is used to interpolate the computed RFA amplitude, prior to evaluating the logarithmic derivative.
One obvious drawback of this technique is the requirement of high accuracy in the experimental RFA measurements. Nevertheless, this new technique of determining the RFA threshold seems to be robust against the way the RFA is excited, either by dc or ac currents flowing in the EFCCs.
We point out that although the computed RFA thresholds agree well with the experimental values as shown in Fig.3 for these JET pulses, the computed no-wall beta limits seem to be too large to match the RFA behaviour observed in experiments, as shown in Fig.5 for two of the pulses. This is thought to be largely due to the inaccuracy of the equilibrium reconstruction for these JET plasmas, since it is well understood that the no-wall beta limit for an ideal kink mode is sensitive to the plasma pressure and q profiles. This does not affect the conclusion that the computed maximum point of the logarithmic derivative dln|RFA|/dβ N coincides with the computed no-wall beta limit, since both computations are performed consistently for the same set of (artificial) equilibria.
A more carefully tuned reconstruction procedure does result in a more accurate equilibrium for the JET plasma, which brings reasonable agreements between the experimental data and the modelling results not only for the RFA threshold, but also for the no-wall beta limit. One example is shown in Fig.6 , where the equilibrium q profile (the radial location of rational surfaces) is carefully calibrated by matching the measured plasma toroidal rotation frequency with the measured MHD (islands) rotation frequency, for JET Pulse No: 68875 [25] . [This technique assumes that the propagation of the mode with respect to the fluid is a small effect, and also that the correction of the velocity from the C 6+ impurity measured rotation to the bulk deuterium velocity is small.] Figure 6 compares the computed RFA amplitude (lines), based on a set of equilibria for Pulse No: 68875, with the measured values (dots) from three similar discharges including Pulse No: 68875. In the simulation, we have to vary the wall penetration time τ w for the 2D thin shell as shown in Fig.6 , in order to approximately take into account the effect of 3D conducting structures located between the plasma surface and the EFCCs. We make this approximation since the MARS-F code can represent only toroidally uniform (i.e. 2D) walls. At a finite EFCC frequency (10Hz in these JET pulses), the induced eddy currents in these 3D conducting structures effectively increase the wall penetration time. Further modelling results also show that the new logarithmic definition of the RFA threshold, for the purpose of predicting the no-wall beta limit, is robust not only against the wall time constant, but also against the wall geometry (even double wall structures used to model the JET conducting structures). Moreover, the robustness seems to persist with variation of several plasma related parameters, for instance, the plasma rotation, the equilibrium edge current pedestal, and the models for simulating the RWM damping. Figure 8 shows one example, where the plasma rotation speed is varied. Both dc and ac excitation conditions are considered. The MARS-F computed RFA threshold, according to the new definition, agrees reasonably well with the computed no-wall beta limit in all cases.
Another example of the robustness is shown in Fig.9 . The plasma equilibria, that we used for obtaining the results in this figure, are different from those we used so far, in the sense that a finite equilibrium current density at the plasma edge is retained in the former, which leads to instability of an n = 1, ideal peeling mode at the plasma edge. For the specific series of equilibria studied in Fig.9 , the peeling mode is unstable for β N < 0.45, and stable for β N > 0.45. A detailed study of the peeling mode stability and resonant response will be reported elsewhere [26] . Here we are interested in the plasma response near the no-wall limit β N = 2.51, where the peeling mode contribution is small, and most of the RFA response comes from the stable n = 1 RWM. Figure 9 shows three cases, with different degrees of damping assumed in the MARS-F computation. We adopt the sound wave damping model, that introduces a viscous force to effectively mimic the ion Landau damping of the parallel sound wave [27] . A numerically adjustable coefficient k || is introduced in this model to prescribe the degree of damping. Our previous numerical experience shows that a k || value above 1 but not very far from unity leads to the RWM damping that describes reasonably well the experimental situation. [We assumed k || = 1.5 for results reported in other figures.] By varying the k || value from 1 to 2, we notice that the peaks of logarithmic derivatives of the computed RFA amplitude stay reasonably well near the computed no-wall beta limit.
As a final and important remark on the above modelling results for JET, we point out the difficulty of matching the MARS-F computed RFA amplitude with the experimental data.
First of all, we notice that with a single, complete wall model (with the same shape and position as the JET vacuum vessel), we have to assume a much larger wall time constant, of 25ms as shown in Fig. 6 , in order to match the RFA amplitude. The field penetration time for the JET vacuum vessel is estimated to be a few milliseconds. Moreover, a single-wall model does not lead to a reasonable match of even the JET vacuum data (i.e. the measured frequency response of the conducting structures to EFCCs or internal saddle coil currents, in the absence of the plasma).
Adding a second, complete wall between the plasma and the EFCCs, with a free choice of the wall time constant, does not result in a satisfactory agreement for the vacuum data. The only possible model, within the 2D complete wall approximation, is to have the second (thin or thick) wall located beyond the EFCCs, as shown both by extensive MARS-F simulations and by a simple cylindrical analysis [25] .
This double-wall model allows a good match of all the vacuum data. The time constant of the inner wall (corresponding to the JET vacuum vessel) can be chosen to be the realistic value, while the time constant for the outer, fictitious wall has to be chosen an order of magnitude larger. Even with this double-wall model, a good match of the plasma response requires that the vertical separation between the outboard midplane sensor coils and the magnetic axis needs to be increased by about 15cm in the simulation. This is qualitatively understandable since the plasma response field, as a result of the kink-ballooning nature of the RWM eigenstructure, varies sharply near the outboard midplane. This makes the plasma response flux sensitive to either the plasma position with respect to the sensor or the exact details of the eigenstructure at the edge. In addition local 3-D conducting structures will contribute. This small discrepancy is not expected to undermine the method.
A wall structure outside the EFCCs does not correspond to the physical arrangement of conducting structures in JET. There are mechanical support structures inside the EFCC radius, and some of our previous modelling [12] indicated that it is possible to match the EFCC vacuum and RFA data by choosing such a second wall between the JET vacuum vessel and the EFCCs, but with a toroidal gap located at the outboard mid-plane.
These investigations lead to a conclusion that, for a realistic modelling of the RWM response in JET, without tuning parameters for the conducting structures, we need to consider a full 3D model for JET walls. Accurate modelling of the RFA response with JET 3D conductors will be carried out in the near future, using a recently developed code CarMa [28, 29] that allows a detailed full 3D description of these structures.
AN ANALYTIC MODEL
To understand the simulation results from Section 2, we consider a simple analytic model proposed by Fitzpatrick and Aydemir [30, 31] . According to this model, the growth rate of the RWM, subject to boundary layer viscous damping in a rotating plasma, satisfies the following cubic dispersion relation (1) where γ is the normalised growth rate of the mode, Ω φ the normalised toroidal rotation frequency of the plasma, v * normalised viscosity coefficient. The intrinsic stability of the plasma in the absence of rotation is measured by the parameter κ, such that κ = 0 corresponds to the no-wall limit of ideal kink, and κ = 1 corresponds to the ideal-wall limit. For the pressure driven RWM, a parameter
), similar to , is normally introduced, where β no-wall is the no-wall limit, and β ideal-wall is the ideal-wall limit for the external kink mode.
In Eq. (1), m is the poloidal mode number, d a constant dependent of the wall minor radius. S * measures the conductivity of the wall. We refer to [31] for the precise definitions of the parameters in the model.
For a given viscous damping coefficient v * , the RWM is stabilised by the plasma rotation exceeding a critical value. For these stable RWM, we compute the RFA factor using an empirically verified formula [10] (2)
where C g is a geometrical factor, ω ext is the frequency of the external field. The real part of γ, computed as one root (the RWM branch) of the dispersion relation (1), measures the mode damping rate, and the imaginary part of γ measures the mode real frequencyin the laboratory frame. Figures 10(a-d) show one example of determining the RFA threshold using the FitzpatrickAydemir model. Note that we assume a strong damping regime for the RWM, with v * = 2, though Eq. (1) was derived in [31] under the assumption of a weak dissipation v << 1. The experimental evidence [32, 13, 15] of the measured critical rotation versus C β (or κ) seems to confirm that the model with a strong damping is more relevant in describing the RWM dynamics in most present tokamaks. Figure 10(a) shows the damping rate and frequency of the mode versus the stability index κ. At a sufficient plasma rotation, the RWM is stable for all κ values. We should point out that, for κ very close to 1 (the ideal-wall limit), the model gives an unstable branch that cannot bêN
stabilised by any rotation. This unphysical branch is neglected here.
Another argument for the choice of large v * in the model is the RFA behaviour versus C β . The RFA amplitude measured in both DIII-D [7, 15] and JET [13] increases monotonically with increasing C β , whilst the Fitzpatrick-Aydemir model with v * << 1 (as well as other RWM models assuming only MHD type of damping) results in the peaking of the RFA amplitude around C β = 0. However, at sufficiently strong dissipation and fast plasma rotation, the model does predict a RFA behaviour resembling experimental measurements, as shown by Fig.10(b) . We define and investigate the RFA threshold only for these parameter regimes.
Figure 10(c) shows the RFA magnitude, normalised by β N , versus κ. We assume a simple linear relation between β N and κ: β N = 2 + κ. (The RWM in the Fitzpatrick-Aydemir model is current driven, hence no "true" β N can be defined.) The qualitative behaviour shown in Fig. 10(c) does not depend on the exact choice of the relation between β N and κ. We observe a minimum value at below 0, or converted in the pressure limit, at β N below the no-wall limit. This is exactly the behaviour found in the JET experiments and in the MARS-F simulations (Fig.3) . Using the new definition for the RFA threshold, as that from Fig. 4 , we find that the peak, shown in 10(d), also occurs at the no-wall limit κ = 0 according to this analytic model.
The exact match between the RFA threshold and the no-wall limit, as shown in 10(d), does not always happen in the Fitzpatrick-Aydemir model. It happens only when the plasma dissipation and rotation are tuned in such a way, that the RFA dependence on κ, as shown by 10(b), matches the experimental (monotonic) behaviour across the no-wall limit κ = 0. Figure 11 shows a domain (shaded region) in the Ω-v * plane, where the RFA threshold, determined by the peak of the logarithmic derivative curve, matches the no-wall limit within κ = ±0.1, or within 5% error in β N = 2 +κ. This is a reasonably large domain in both the damping coefficient v * and the plasma rotation frequency , showing the robustness of the new definition of the RFA threshold against variation of rotation and damping. This also confirms the findings from the toroidal modelling results.
CONCLUSION AND DISCUSSION
The effect of resonant field amplification, due to the response of the low-n RWM to the externally applied magnetic fields, is modelled for JET plasmas using the MARS-F code.
The modelling focuses on the RFA threshold measured in JET discharges. The simulation results confirm a systematic shift of the RFA onset pressure, defined by the minimum of |RFA|/β N , from the predicted no-wall beta limit by ideal MHD theory. A new technique of using the RFA data to recover the no-wall beta limit is proposed, based on the MARS-F results. This technique computes the logarithmic derivative of the RFA amplitude as a function of β N . The maximal point offers a better way to predict the no-wall beta limit. The prediction seems to be robust against the plasma equilibrium profiles, the toroidal rotation and damping models, as well as the wall characteristics.
We point out that this procedure, although it works well in theory, may be difficult to apply in 
